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SCHATTEN CLASSES, NUCLEARITY AND NONHARMONIC 
ANALYSIS ON COMPACT MANIFOLDS WITH BOUNDARY 

JULIO DELGADO, MICHAEL RUZHANSKY, AND NIYAZ TOKMAGAMBETOV 


Abstract. Given a compact manifold M with boundary dM, in this paper we 
introduce a global symbolic calculus of pseudo-differential operators associated to 
(M, dM). The symbols of operators with boundary conditions on DM are dehned in 
terms of the biorthogonal expansions in eigenfunctions of a fixed operator L with the 
same boundary conditions on DM. The boundary dM is allowed to have (arbitrary) 
singularities. As an application, several criteria for the membership in Schatten 
classes on L^{M) and r-nuclearity on U’^M) are obtained. We also describe a 
new addition to the Grothendieck-Lidskii formula in this setting. Examples and 
applications are given to operators on M = [0,1]" with non-periodic boundary 
conditions, and of operators with non-local boundary conditions. 


1. Introduction 

If A is an operator on a manifold M with boundary, satisfying some boundary 
conditions on dM, we establish criteria for A to belong to r-Schatten classes on 
L‘^{M) and to be r-nuclear on L^{M). Our analysis is carried out by applying a 
version of the global Fourier analysis on M expressed in terms of another (model) 
operator L on M with the same domain as that of A (or, in other words, with the 
same boundary conditions on dM). This also extends to the setting of manifolds with 
boundary the notions of the pseudo-differential analysis of boundary value problems 
in the Euclidean space as developed in [RT15]. 

In general the lack of some symmetry in the boundary conditions gives rise to 
a non-selfadjoint setting and therefore when considering eigenfunction expansions 
one is led to consider biorthogonal systems rather than orthogonal ones. Thus the 
concept of Riesz basis becomes crucial for us. The Riesz bases have been intensively 
studied, see for instance [BDHK15], [KN15] and references therein for recent interest 
directions. 

The study of differential operators on manifolds with boundary is an active field 
of research, a few very recent examples include [BRI5], [RR15], [KMlSa], [KMlSb], 
and the reader can find many other references in those works. There are different 
well known approaches to the problem of defining a pseudo-differential calculus on 
manifolds with boundary, see, for example, [dM71, MSIO, MM98, HS08, Esk81] and 
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references therein. The main difference of our approach from all those above is that 
our symbols are globally dehned and that we do not assume any regularity for the 
boundary dM. 

Still, it becomes possible to draw rather general conclusions. In particular, we will 
not require that the operator L is elliptic nor that it is self-adjoint. Moreover, in the 
presented general framework the smoothness of the boundary is not required, and 
the exact form of the boundary conditions is also not essential. Moreover, we do not 
assume regularity of the symbols to ensure Schatten properties of operators. This 
latter feature is however an advantage of the approach relying on the global symbolic 
analysis as was already demonstrated in authors’ work in the context of compact Lie 
groups [DR14b] or of compact manifolds [DR14a, DR14c]. 

Perhaps the simplest illustrating example of the setting in the present paper would 
be the set M = [0,1]” where we impose on operators non-periodic boundary condi¬ 
tions of the type hjf{x)\xj=o = f{x)\xj=i, for some collection hj > 0, j = 1,... ,n. 
This extends the periodic case when hj = 1 for all j = 1,..., n, in which case the 
global toroidal pseudo-differential calculus as developed in [RTlOb, RTlOa] can be 
applied. However, the latter (periodic) setting is considerably simpler because such 
calculus is based on the self-adjoint operator in M (the Laplacian) with periodic 
boundary conditions, in particular leading to the orthonormal basis of its eigenfunc¬ 
tions. Due to the lack of such self-adjointness in the non-periodic problem, our present 
analysis is based on a basis in L^(M) which is not orthonormal but which respects 
the given boundary conditions. As such, the subsequent analysis resembles more that 
in Banach spaces (e.g. in L^-spaces) than the classical one in Hilbert spaces. From 
this point of view, Grothendieck’s notion of r-nuclearity conveniently replaces the 
r-Schatten classes. 

Indeed, when studying Schatten classes for operators directly from the dehnition, 
the problem of understanding the compositions AA* or A*A arises. With an appro¬ 
priate dehnition of Fourier multipliers in our context given in the sequel, we note that 
even in the simplest case of a L-Fourier multiplier A, the operator A* is a L*-Fourier 
multiplier, but not necessarily a L-Fourier multiplier. Moreover, in general, the ope¬ 
rators A and A* satisfy different conditions on the boundary. Therefore, unless the 
model operator Lm {L equipped with conditions on dM) is self-adjoint, we can not 
compose A and A* on their domains. These observations explain why the method of 
studying Schatten classes via the notion of r-nuclearity on Banach spaces becomes 
more appropriate especially in this case of non-self-adjoint boundary value problems. 
If the operators are continuously extendible to L^(M) they can still be composed and 
the notions of r-Schatten classes and r-nuclearity coincide on L^(M). 

To formulate the notions more precisely, let L be a pseudo-differential operator 
of order m on the interior M of M. This interior M will be a smooth manifold 
without boundary and the standard theory of pseudo-differential operators applies 
there. We assume that some boundary conditions called (BC) are hxed and lead to 
a discrete spectrum with a family of eigenfunctions yielding a biorthogonal basis in 
L^(M). However, it is important to point out that the operator L does not have 
to be self-adjoint nor elliptic. For a discussion on general biorthogonal systems we 
refer the reader to Bari [Bar51] (see also Gelfand [GelSl]), and now we formulate 
our assumptions precisely. The discrete sets of eigenvalues and eigenfunctions will be 
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indexed by a countable set X. We consider the spectrum {A^ G C : ^ G X} of X with 
corresponding eigenfunctions in X^(M) denoted by i.e. 

Lu^ = in M, for all ^ G X, (1.1) 

and the eigenfunctions satisfy the boundary conditions (BC). The conjugate spec¬ 
tral problem is 

L*v^ = X^v^ in M, for all G X, 

which we equip with the conjugate boundary conditions (BC)*. We assume that the 
functions are normalised, i.e. ||m^||l 2 = = 1 for all ^ G X. Moreover, we 

can take biorthogonal systems and {fgjggi, i.e. 

(mj, Vn)L2 =0ioT and {u^, = 1 for ^ = 77 , (1.2) 

where 

{f,9)L2 = j f{x)g{x)dx 

M 

is the usual inner product of the Hilbert space We also assume that the 

system is a basis of LX‘{M), i.e. for every / G LX‘{M) there exists a unique series 
that converges to / in L‘^{M). It is well known that (cf. [Bar51]) the 
system {m^} is a basis of LF‘{M) if and only if the system {i;^} is a basis of L‘^{M). 

By associating a discrete Fourier analysis to the system {n^}, we can introduce a 
full symbol for a given operator acting on suitable functions over M as an extension 
of the setting established in [RT15]. We will describe the basic elements of such 
symbols in Section 2. 

On the other hand, we will also employ the concept of nuclearity on Banach spaces. 
Here, although LX‘{M) is a Hilbert space, the non-orthonormality of the basis 
makes the analysis more reminiscent of that in Banach spaces. 

Let Bi,B 2 be Banach spaces and let 0 < r < 1. A linear operator X from Bi into 
B 2 is called r-nuclear if there exist sequences {x'^) in B[ and (?/„) in B 2 so that 


n=l 


Tx = ^{x,x'^)yn and < 

n=l 

We associate a quasi-norm UriT) by 

n^(T) := inf{[ ^||a;dlB'Jl2/nllR2 I 


(X). 


yn=l 


(1.3) 


(1.4) 


where the inhmum is taken over the representations of T as in (1.3). When r = 1 
the 1 -nuclear operators agree with the class of nuclear operators, and in that case 
this dehnition also agrees with the concept of trace class operators in the setting of 
Hilbert spaces (Hi = B 2 = H). More generally, Oloff proved in [01o72] that the class 
of r-nuclear operators coincides with the Schatten class Sr{H) when Bi = B 2 = H is 
a Hilbert space and 0 < r < 1. Moreover, Oloff proved that 


where 


nis, = nr(r), 


(1.5) 


denotes the classical Schatten quasi-norms in terms of singular values. 



4 


JULIO DELGADO, MICHAEL RUZHANSKY, AND NIYAZ TOKMAGAMBETOV 


If T : B ^ B IS nuclear, it is natural to attempt to define its trace by 

OO 

Tr(T) := (1.6) 

n=l 

OO 

where T = ^ (8) ?/„ is a representation of T as in (1.3). Grothendieck [Gro55] 

n=l 

proved that the trace Tr(T) is well dehned for all nuclear operators T on if and 
only if the Banach space B has the approximation property (see also Pietsch [Pie87]), 
which means that for every compact set K in B and for every e > 0 there exists 
F G F{B) such that 

||x — Fx\\j 3 < e for all x & K, 

where we have denoted by F{B) the space of all hnite rank bounded linear operators 
on B. 

As we know from Lidskii [Lid59], for trace class operators in Hilbert spaces the 
operator trace is equal to the sum of the eigenvalues of the operator counted with 
multiplicities. This property is nowadays called the Lidskii formula. An impor¬ 
tant feature on Banach spaces even endowed with the approximation property is 
that the Lidskii formula does not hold in general for nuclear operators. In [Gro55] 
Grothendieck proved that if T is |-nuclear from B into B for a Banach space B, then 

OO 

lV(r) = ^A,(T), (1.7) 

i=i 

where Xj{T) {j = 1,2,...) are the eigenvalues of T with multiplicities taken into 
account, and Tr(T) is as in (1.6). We will refer to (1.7) as the Grothendieck-Lidskii 
formula. 

Grothendieck established applications to the distribution of eigenvalues of ope¬ 
rators in Banach spaces. We refer to [DR14b] for several conclusions in the setting 
of compact Lie groups concerning summability and distribution of eigenvalues of 
operators on L^-spaces once we have information on their r-nuclearity. In the par¬ 
ticular case of spaces, the summability of eigenvalues found by Grothendieck can 
be improved. Indeed, in [JKAIR79] Johnson, Konig, Maurey and Retherford proved 
the following theorem, which will give us an application on the distribution of L^- 
eigenvalues in terms of the nuclear or Schatten index of the operator class: 


Theorem 1.1 ([JKMR79]). Let 0 < r < 1 and 1 < p < oo. Let (G, p) be a measure 
space and 7 = IfT is a r-nuclear operator on LP{fi), then 

<On.(T), (1.8) 

where Cr only depends on r. 


Kernel conditions on compact manifolds for Schatten classes have been investigated 
in [DR14a, DR14c]. Schatten properties on modulation spaces have been studied 
in [Tof04a, Tof04b, Tof08], however, also in such low-regularity situations certain 
regularity of symbols has to be assumed. This is not the case with our approach 
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when in most criteria only the L^-integrability of the appearing symbols is usually 
assumed. 

In Remark 2.17 we explain how the case of spectral multipliers (in L or in L*) is 
included in our setting. 

2. Nonharmonic analysis and global symbols 

We introduce in this section the basic (global) symbolic calculus on manifolds with 
boundary based on biorthogonal systems as an extension of the theory developed in 
[RT15]. We adapt it to the present situation of a manifold with boundary. While 
in [RT15] only domains in the Euclidean space M” were considered, the proofs easily 
extend to the present setting of general manifolds with boundary. Thus, in this 
section we record elements of the analysis from [RT15] in the present setting but we 
omit the proofs if they are a straightforward extension of those in [RT15]. 

Following the terminology of Paley and Wiener [PW34], such biorthogonal analysis 
can be thought of as part of nonharmonic analysis, see [RT15] for a more extensive 
discussion. 

Henceforth M denotes a compact manifold of dimension n with boundary dM 
and M the interior of M. We will also denote by Lm the boundary value problem 
determined by the pseudo-differential operator L of order m on M equipped with the 
boundary conditions (BC) on dM. This can be also thought of in an abstract way of 
having an operator L with some domain in L‘^{M). 

To the problem Lm with L of order m we associate the weight 

(e):=(l + |A^P)^^(l + |A^|)^, (2.1) 

with A^ as in (1.1). We also assume that there exists a number sq G M such that 

( 2 . 2 ) 

«6X 

It is natural to expect that e.g. if L is elliptic one can take any sq > n. 

Throughout this paper we will also assume the following technical condition to 
ensure that the eigenfunctions of L and L* do not have zeros. In particular such 
property will allow us to obtain suitable formulae for the symbol of an operator. 

Definition 2.1. The system G X} is called a WZ-system (WZ stands for 

‘without zeros’) if the functions do not have zeros in M for all ^ G Mq, and if 

there exists C > 0 and N > 0 such that 

jrd |w«(t)| 

\niW{x)\>C{i)-\ 

x£M 

as {^) —>■ oo. 

Remark 2.2. The reader can End examples and a discussion of WZ-systems in Section 
2 of [RT15] for the case M = Q where H is an open bounded subset of M"'. There 
are plenty of problems where this conditions holds, a few of them are described in 
Section 4. In principle, this assumption can be removed, however, this leads to a 
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considerably more technical exposition since the analysis becomes ‘matrix-valued’: 
we can group eigenfunctions into a vector so that its elements do not all vanish 
at the same time - this leads to a matrix-valued version of the symbolic analysis. A 
typical example of such situation is of operators on compact Lie groups or on compact 
homogeneous spaces: in this case the eigenfunctions of the Laplacian spanning a given 
eigenspace do not vanish at the same time, see the analysis developed in [RTlOa], 
The group structure can be removed: see [DR] for the case of invariant operators on 
compact manifolds. However, since in this paper we are dealing with biorthogonal 
systems instead of orthonormal bases, we choose to deal with scalar symbols and 
WZ-condition for the simplicity in the exposition of ideas. In subsequent work this 
assumption will be removed. 

Definition 2.3. The space C’^{M) := Dom(L°°) is called the space of test functions 
for Lm- We dehne 

OO 

Dom(L°°) := p| Dom(L^), 

k=l 

where Dom(L^) is the domain of L^, defined as 

Dom(L'’) := {/ G L\M) : f e L\M), j = 0,1,2,..., k}, 

so that the boundary conditions (BC) are satisfied by all the operators L^. The 
Frechet topology of C^{M) is given by the family of norms 

\\ip\\ck ■= max ||LVIU2 (m), k eflo, e C'^(M). (2.3) 

-D j<k 

In an analogous way, we define (7“ (M) corresponding to the adjoint by 

OO 

:= Dom((L*)°°) = p| Dom((L*)^), 

k=l 

where Dom((L*)^) is the domain of the operator {L*)^, 

DomiiL*)’^) := {/ G L\M) : (Ly f G L\M), j = 0,1,2,..., k}, 

which then also has to satisfy the adjoint boundary conditions corresponding to the 
operator L\^. The Frechet topology of C^,{M) is given by the family of norms 

me. := max||(L*)^'i/.|U2(M), A: G Mq, V’ e (2.4) 

Since here we are assuming that the system is a basis of L‘^{M), it follows 
that C'^{M) and C^^M) are dense in LF‘{M). 

If Lm is self-adjoint, i.e. if = Lm with equality of domains, then C'^(M) = 

cr(M). 

The L^-duality for a general pair / G C^{M),g G C^{M) makes sense in view of 
the formula 

(D/, 5')l2(m) = (/, A*5')i2(M). (2.5) 

Therefore in view of the formula (2.5) it makes sense to define the distributions 
as the space which is dual to C^,{M). Note that the respective boundary 
conditions of Lm and L\^ are satisfied by the choice of / and g in corresponding 
domains. 
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Definition 2.4. The space P^(M) := £(C'“(M),C) of linear continuous functionals 
on is called the space of L-distributions. The continuity can be understood 

either in terms of the topology (2.4) or in terms of sequences as in Proposition 2.5. 
For w G and G we shall write 

w{if) = {w,(p). 


For any 'ip G C]p{M), 

9 (p I—)■ J 'ip{x)(p{x)dx 

M 

is an L-distribution, which gives an embedding ip G C'pp{M) ^ Vp^M). We observe 
that in the distributional notation formula (2.5) becomes 

= {ip,L*lp). (2.6) 


With the topology on Cpp{M) defined by (2.3), the space 

Vp,{M) :=£(Cr(M),C) 

of linear continuous functionals on Cpp{M) is called the space of L*-distributions. 
The following proposition characterises the distributions in P^(M). 

Proposition 2.5. A linear functional w on Cfpi{M) belongs to Vf^M) if and only 
if there exists a constant C > 0 and /c G Mq such that 

\w{ip)\ < C\\Lp\\ci^ for allipeC^,{M). (2.7) 

The space Vf^M) has many similarities with the usual spaces of distributions. 
For example, suppose that for a linear continuous operator D : C’^{M) —)■ C’^{M) 
its adjoint D* preserves the adjoint boundary conditions (domain) of L*^ and is 
continuous on the space i.e. that the operator D* : —)■ Cff{M) is 

continuous. Then we can extend D to Vf^M) by 

{Dw,^):={w,W^) {weVP{M),g^eCfP{M)). 

This extends (2.5) from L to other operators. The convergence in the linear space 
Vf^M) is the usual weak convergence with respect to the space Cfpi{M). The fol¬ 
lowing principle of uniform boundedness is based on the Banach-Steinhaus Theorem 
applied to the Frechet space 

Lemma 2.6. Let {wj}j^fq be a sequence in Vf{M) with the property that for every 
ip G Cfpi{M), the sequence {tCj((p)}jeN is bounded in C. Then there exist constants 
c > 0 and A: G Mq such that 

\wj{p)\<c\\p\\ci^ for all i en, p (2.8) 

The lemma above leads to the following property of completeness of the space of 
L-distributions. 


Theorem 2.7. Let be a sequence in Vf{M) with the property that for every 

p G the sequence {tCj((p)}jgN converges in C as j ^ oo. Denote the limit by 
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{i) Then w \ Lp ^ w{ip) defines an L-distribution on M. Furthermore, 

lim Wj = w in K{M). 

J-J-CXD 

(a) If p>j in then 

lim Wj((pj) = w{(p) in C. 

j^oo 

We now associate a Fourier transform to the operator Lm and establish its main 
properties. The particular feature compared with the self-adjoint case is that if Lm 
is not self-adjoint we have to be sure of the choice of the right functions from the 
available biorthogonal families of and v^. We start by dehning the spaces we 
require for the study of the Fourier transform. 

From now on, we assume that the boundary conditions are closed under taking 
limits in the strong uniform topology to ensure that the strongly convergent series 
preserve the boundary conditions. More precisely, 


(BC-I-) Assume that, with Lq denoting LorL*, if fj e satishes 

^ / in Cr„(M), then / e C^iM). 

Let iS(X) denote the space of rapidly decaying functions (p ; X ^ C. That is, 
ip G S{X) if for every i < oo there exists a constant such that 

\TiO\<cMO-' 

for all ^ G X. With the corresponding topology, we note that (^) is already adapted 
to our boundary value problem since it is dehned by (2.1). 

The topology on iS(X) is given by the seminorms pk, where A; G Nq and 

Pk{p) := sup (Olx(OI- 

Continuous linear functionals on S(Z) are of the form p {u,p) = Yf 

«6X 

where functions n : X —)■ C grow at most polynomially at inhnity, i.e. there exist 
constants i < oo and Cu/ such that 

LK)I < c^AF 

for all G X. Such distributions u form the space of distributions which we denote 
by 5'(X). 


2.1. Fourier transform. We can now dehne the X-Fourier transform on Cffi{M) 
and study its main properties. 


Definition 2.8. We dehne the L-Fourier transform 

= if ^ f) ■■ cr{M) ^ s{i) 


by 


hi) ■= (^i/)(o = j 


M 


fix)v^ix)dx. 


(2.9) 
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Analogously, we define the L*-Fourier transform 

(^L*/)(0 = (/ ^ 1) : Cr.{M) ^ S{I) 


by 


/*(0 := (•^L*/)(0 = / fix)u^{x)dx. 


( 2 . 10 ) 


M 


The expresions (2.9) and (2.10) are well-dehned by the Cauchy-Schwarz inequality, 
indeed. 


1/(01 = 

Moreover, we have 


f{x)v^{x)dx 


M 


< ll/IU"l|wdli» = ll/lli= < °°- 


( 2 , 11 ) 


Proposition 2.9. The L-Fourier transform is a bijective homeomorphism from 
Cff{M) into S{X). Its inverse IFff^ : iS(X) —)■ Cff{M) is given by 

{7l^h){x) = Y, h e 5(1), (2.12) 

SO that the Fourier inversion formula is given by 

f(x) = ^/(0«s(^). / e criM). (2.13) 

i&x 

Similarly, Fl* '■ CfiiM) —)■ 5(X) is a bijective homeomorphism and its inverse XT/ : 
5(X) ^ IS given by 

(XT/h)((r) = Ymvd^), h e 5(X), (2.14) 

«6X 

SO that the conjugate Fourier inversion formula is given by 

f{^) = E / e Cr.(M). (2.15) 


By dualising the inverse X-Fourier transform X^^ ; 5(X) —)■ Cff{M), the X-Fourier 
transform extends uniquely to the mapping 

Xi:X/(M)^5'(X), 

by the formula 

:= {w, IFfjfTp) , with w G Vf{M), ip G 5(X). (2.16) 

It can be readily seen that if to G 'Df{M) then w G 5'(X). The reason for taking 
complex conjugates in (2.16) is that, if in G we have the equality 


{w, f ) = Y ^(Ox(o = J2\ [ 

«GX Vi 


vj{x)v^{x)dx 


M 


w{x) 'Y^ip{f)v^{x) \dx = / w{x){IF^}ip){x)dx = {w,IF^}ip). 


M 
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Analogously, we have the mapping 

■.V'^,{M)^S\X) 


defined by the formula 

{X'L*U!,ip) := with w G p G S{I). (2-17) 

It can be also seen that if tc G (M) then w G S'{X). 

We note that since systems of and of are Riesz bases, we can also compare 
L^-norms of functions with sums of squares of Fourier coefficients. The following 
statement follows form the work of Bari [BarSl] (Theorem 9): 

Lemma 2.10. There exist constants k,K,m,£ > 0 such that for every f G L‘^{M) 
we have 

S6I 

and 

2.2. Convolution. We now adapt a convolution to the problem Lm- 


Definition 2.11. For f,g & Cff{M) we define their L-convolution by 

(/ *L g){x) := (2-18) 

By Proposition 2.12 it is well-defined and we have f *l g ^ C'£°(M). 

Moreover, due to the rapid decay of the L-Fourier coefficients of functions in 
Cff{M) compared to a fixed polynomial growth of elements of iS'(X), the Definition 
2.11 still makes sense if / G Vf{M) and g G with f *l g ^ 

Analogously to the L-convolution, we can introduce the L*-convolution. Thus, for 
f,g E Cff{M), we define the L*-convolution using the L*-Fourier transform by 

{f*Lg){x) := (2-19) 

«ex 

Its properties are similar to those of the L-convolution, so we may formulate and 
prove only the former. 

Proposition 2.12. For any f,g ^ Cff{M) we have 

f*Lg = fg- 

The convolution is commutative and associative. If g E Cff{M), then for all f G 
Vf{M) we have 

f*r.geCr{M). ( 2 . 20 ) 

If fj9 ^ then f *l g ^ L^{M) with 

\\f*Lg\\L^<C\M\^\\fh2\\g\\L., 

where \M\ denotes the volume of M, and C is independent of f,g,M. 
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Proof. We have 

J^L{f*Lg){0= [ '^f{v)9{v)Ur,{x)v^{x)dx 

JM 

= 5^/(h)?(h) / ri{x)v^{x)dx 

i&x i&i 

= mm- 

This also implies the commutativity of the convolution in view of the bijectivity of the 
Fourier transform. The associativity follows from this as well from the associativity of 
the multiplication on the Fourier transform side. In order to prove (2.20), we observe 
that 

*L g){x) = 

«6X 

and the series converges absolutely since 'g G S(X). By (BC+), the boundary condi¬ 
tions are also satished by the sum. This shows that f *l g ^ C'£°(M). 

For the last statement, a simple calculation gives us 

[\{f *Lg){x)dx < fYimdioiimm 

M M 

<Eihf»(«)iikdu- 

CGI 

< C\\f\\L 2 \\g\\L 2 sup llu^llii, 

CGI 

the latter inequality is obtained by Lemma 2.10. Since M is bounded, by the Cauchy- 
Schwarz inequality we have 

llwdUi < W\^\\MW = 

for all G X, where |M| is the volume of M. This concludes the proof. □ 

2.3. L- symbols and L-Fourier multipliers. The Schwartz integral kernel theo¬ 
rem holds in this setting in analogy to [RT15, Section 8], and so for a linear operator 
A : C’^{M) —)■ the corresponding convolution kernel kA{x) G 'Df{M) is 

determined by 

Af{x) = {kA{x) * f){x). 

We now associate the notion of a global symbol associated to the operator A with 
respect to Lm and also to its adjoint. 

Definition 2.13. The L-symbol of a continuous linear operator A : Cff{M) 

(71°(M) at X G M and ^ G X is dehned by 

0-^(1,0 := = -^i(^a(i))(0- 

The following theorem furnishes a representation of an operator in terms of its L- 
symbol and a formula for the X-symbol in terms of the operator and the biorthogonal 
system. The proof is analogous to the one of Theorem 9.2 in [RT15] and we omit it. 
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Theorem 2.14. Let A : C^{M) —)■ C’^{M) be a continuous linear operator with 
L-symbol a a- Then 

^f{x) = OfiO (2-21) 

CGI 

for every f E and x G M. The L-symbol a a satisfies 

= u^{x)~^{Au^){x) ( 2 . 22 ) 

for all X E M and ^ G X. 

As a consequence, one can deduce the following formula for the kernel of A in terms 
of the X-symbol and it will be crucial for the analysis in this work: 

Ka{x, y) = Yl u^ix)(^A{x, Ox^y)- (2-23) 

CGI 

One can also associate a notion of multipliers to the X-Fourier transform. 

Definition 2.15. Let A : -A- Cff{M) be a continuous linear operator. We 

will say that A is a X-Fourier multiplier if it satishes 

J^LiAfm = ^(0-^i(/)(0, / e CffiM), for all ^ G X, 

for some a : X ^ C. 

Analogously we dehne X*-Fourier multipliers, a notion which will naturally appear 
in the study of adjoints (see Proposition 3.6). 

Definition 2.16. Let B : Cffi{M) —>■ be a continuous linear operator. We 

will say that 5 is a X*-Fourier multiplier if it satishes 

BLfiBm) = r(0-^i‘(/)(0, / e C'^(M), for all ^ G X, 

for some r : X ^ C. 

Remark 2.17. We note that due to the formula (2.22) for symbols, we have that if 
aA^x^f) = (Ia( 0 does not depend on i, then we have Au^ = aA{i)u^, so that <1^(0 
are the eigenvalues of A corresponding to the eigenfunctions u^. Recalling that are 
the corresponding eigenvalues of the operator X, see (1.1), if A^’s are distinct and is 
a function taking A^’s to cryi(,^), then we can also regard A as the spectral multiplier 
A = (f(L). This is not the case when we allow the symbol to take multiplicities into 
account, as in [DR], but where only the self-adjoint model operators X on manifolds 
without boundaries were considered. In view of such further developments possible 
also in the present setting, we still prefer to use the term X-Fourier multiplier here, 
in line with [DR] and [RT15]. 

2.4. Nuclearity on Lebesgue spaces. As a hnal preliminary, we record the fol¬ 
lowing characterisation of r-nuclear operators which is a consequence of results in 
[DellO]. In the statement below we shall consider (Di,A4i,/ii) and {TI 2 , M. 2 , R 2 ) to 
be two d-hnite measure spaces. 

Theorem 2.18. Let 0 < r < 1 and 1 < pi,p 2 < 00 with qi such that ^ ^ = 1- 

operator T : X^i(/ii) LP^{p 2 ) is r-nuclear if and only if there exist sequences {gk)k 
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in and {hk)k in such that II 5 'A:||lp 2 < oo, and such that for 

k=l 

all f G we have 

Tf{x) = j f{y)d^ii{y), for a.e x. 

In our particular setting we will consider M = VLi = fi 2 , M. = M.i = M .2 the 
a-Borel algebra, and dx = /ii = /i 2 a positive measure on M. 


3. SCHATTEN CLASSES AND NUCLEARITY 

In this section we establish the main results of this work. We start by studying the 
r-nuclearity on LP[M) spaces and we also formulate some consequences related to 
the Grothendieck-Lidskii formula for the trace. From now on we will be considering 
the biorthogonal system associated to the problem Lm as basic blocks in the 

decomposition of kernels. 

Theorem 3.1. Let 0 < r < 1 and 1 < pi,p2 < oo with qi such that ^ ^ = 1. Let 

A : Cff{M) —>■ Cff{M) be a continuous linear operator with L-symbol a a such that 


5^lkA(-,0««(-)ll2p2|kdlL« < oo- 

«6X 

Then A is r-nuclear from L^^{M) into L^^{M). 

In particular, if p = pi = p 2 and (3.1) holds, then 

Tr(74) = / u^{x)aA{x,^)v^{x)dx, 


(3.1) 


(3.2) 


and 


1 ^ 1 

i; IV(TI‘) < a (j2 lkT-.0«s(-)IILILdlL 

d=i / \«ex 


(3.3) 


where - = - — k — -| and Cr is a constant depending only on r. Moreover, if 


(3.4) 


0 < r < ^ the following formula for the trace holds: 


/ OO 

u^{x)aA{x,f,)M^)dx = ^Aj(A) 

j=i 


where Xj{A), (j = 1,2,...) are the eigenvalues of A with multiplieities taken into 
account. 


Proof. We recall from (2.23) that the kernel Ka{x, y) of A is of the form 

KA{x,y) = ^u^{x)aA{x,OMy). 


(3.5) 


We take g^{x) := u^{x)aA{x,C), h^{y) := v^{y). 
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Then we have 

CSX i&x 

The r-nuclearity of A now follows from Theorem 2.18. 

By using the expression of Ka in terms of g^,h^, the fact that satishes the 
approximation property and the dehnition of the trace (1.6) we obtain 

Tr(A) = / g^{x)h^{x)dx = / u^{x)aAix,^)v^{x)dx. (3.6) 

The inequality (3.3) is an immediate consequence of (1.8). The identity (3.4) is 
a consequence of (3.2) and the Grothendieck Theorem for |-nuclear operators (see 
(1.7)). □ 

We observe that the equation relating s,r,p as ^ ^ — ^1 for (3.3) corresponds 

in the case s=lto “ = 1 + ||~“|- Ih such case the series of eigenvalues converges 
absolutely. In general this property does not guarantee that the Grothendieck-Lidskii 
formula holds. However, recently in [RL13] Latif and Reinov have proved that if r 
and p are related by ^ 1 + then the Grothendieck-Lidskii formula holds. Of 

course, the relevant situation is when r moves along the interval [|, !]• If ^ ^ (|) 1) 
there exist two corresponding values of p solving the equation f = 1 + 11 -1 the hrst 

one with p < 2 and the other one with p > 2. Additionaly, we can incorporate the 
symbol in relation with the Grothendieck-Lidskii formula as in (3.4). Summarising 
we have: 

Corollary 3.2. Let 0 < r < 1 and 1 < p < oo such that f = 1 + || ~ ^1- Let 
A : C^{M) —)■ C^{M) he a continuous linear operator with L-symhol cta such that 

5^lkA(-,0«?(-)IIIpll'«^dlL« < oo- (3-7) 

«6X 

Then A is r-nuclear from Lp{M) to LP{M) and the equality (3.4) holds. 

Proof. The r-nuclearity follows from Theorem (3.1). The identity follows from the 
aforementioned main theorem of [RL13] and (3.2). □ 

We also record the following condition for operators with x-independent L-symbols 

(i.e. for L-Fourier multipliers). Indeed, if the symbol does not depend on x, we have, 

lkA(0««(-)llk2 = kA(0rikdlk2 

so that an application of Theorem 3.1 imply: 

Corollary 3.3. Let 0 < r < 1 and 1 < pi,P 2 < oo with qi such that ^ -|- ^ = 1. Let 
A : Cf°(M) Cf°(M) be a L-Fourier multiplier with L-symbol a a such that 

5^kA(OrikdlL^>2|kdlki <oo- (3-8) 

«GX 
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Then A is r-nuclear from L^^{M) to Moreover, if p = pi = p 2 , then 

OO 

'Tt(A) = J2<^A{0=J2>-M). ( 3 . 9 ) 

CSX j=i 

where the sum of the eigenvalues Aj(v4) of A is made taking multiplicities into account. 

Proof. The r-nuclearity follows from Theorem 3.1 as well as parts (i) and (ii), taking 
into account that 

Tr(kl) = ^cta(0 f u^{x)v^{x)dx = ^(Ta(0> 

«GX CGI 

by the biorthogonality assumption. The second equality in (3.9) holds in view of the 
following Remark 3.4. □ 

Remark 3.4. We note from formula (3.9) that it holds for nuclear operators (r = 1) on 
any L^-space, 1 < p < cx). This is not the case in general for non-invariant operators 
(that is, the operators which are not L-Fourier multipliers) in (3.4) and in Corollary 
3.3 where we assumed the relation - = — 4| to hold. This is due to the fact that 

since a a does not depend on x, from formula (2.22) we actually have that <1^(0 is 
the eigenvalue of the compact (since it is nuclear) operator A with the eigenfunction 
u^, see also Remark 2.17. Therefore, the second equality in (3.9) always holds. 

We now consider the special case of Schatten classes. Since in our setting the 
eigenfunctions of L are not necessarily orthogonal, it is convenient for us to take ad¬ 
vantage of the notion of r-nuclearity in Banach spaces instead of the usual properties 
characterising Schatten classes in terms of orthonormal bases. First, we establish a 
couple of preliminary properties. 

The following proposition is the corresponding Parseval identity for the L-Fourier 
transform. 

Proposition 3.5. Let f,g ^ L‘^{M). Then f,'gEif and 

(/,£/)l2 = ^fiOthiv) =■ {f,9)il, (3.10) 

cel 

the latter inner product defining a Hilbert space i\(fT). 

Proof. The fact that /,p G follows similar to Proposition 6.1 from [RT15]. By the 
Fourier inversion formula (2.13) and (2.15), we have 

i&x i&x 

= 5 ^/( 0^*(0 = 

«GX 

and the proof is complete. □ 

Proposition 3.6. If A is a L-Fourier multiplier by crA(0? then A* is a L*-Fourier 
multiplier by (Xa(^). 
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Proof. First by (3.10) we write 

CSX cex ^GX 

On the other hand 

(^/,^)x2 = if,A*g)L2 = ^f{0^*9*{0- 

S6X 

Therefore 

A*9*{0 = 

i.e. A* is a L*-Fonrier mnltiplier by (Xa(0- 

In the following we will be looking at the membership of operators in the Schatten 
classes on L^(M). Conditions for the L^(M)-bonndedness of operators in terms of 
their global symbols have been obtained in [RT15]. In the case of L-Fonrier mnl- 
tipliers, these conditions simplify, and the bonndedness of the L-symbol if enongh, 
namely, if snp^gj |c’‘a( 0I < then A is bonnded on 

As a conseqnence of the preceding nnclearity considerations, we now give criteria 
for operators to belong to the Schatten classes Sr{Lf‘{M)) and we refer to Remark 
3.8 for a farther discussion. 

Corollary 3.7. Let A : —)■ Cff{M) be a L-Fourier multiplier with L-symbol 

a A- Then we have the following properties: 

(i) // 0 < r < 1 and 

5^I^A(0r<oo> (3-11) 

then A belongs to the Schatten class Sr{L‘^{M)). 

(ii) If Lm is self-adjoint and 0 < r < oo, then A G Sr{L‘^{M)) if and only if 
(3.11) holds. 

Proof, (i) We will prove that under condition (3.11) the operator A is r-nuclear on 
Lf{M). Then the result will follow from the Oloff’s equivalence (1.5) that holds in 
the setting of Hilbert spaces. 

By Corollary 3.3 applied to the case pi = p 2 = 2 and the fact that ||n^||L 2 = 
II11^2 = 1, we obtain 

E k.4(OriLdlLII”dlL = E (3.12) 

^GX ^GX 

Hence, A is r-nuclear from Lf[M) into L‘^{M). 

(ii) Now, if Lm is self-adjoint and 0 < r < cx), we hrst observe that the system 
is orthonormal. For the case r = 2 of Hilbert-Schmidt operators we note that. 
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by the Plancherel identity in Proposition 3.5 and the well known characterisation of 
Hilbert-Schmidt class in terms of orthonormal bases, we have 

IDIII, =E II'4“«IIL = E 

=E = E kTOriLcIlL 

=Ei‘"-«®t- 

5€I 

On the other hand, since L is self-adjoint and by Proposition 3.6, A* is a L*-Fourier 
multiplier by cr/i(^). Hence A*A is also a L-Fourier multiplier with symbol aA*A{,Cj = 
|(Tyi(^)p. Since A*A is a positive operator, more generally we have crimps (^) = 
for all s G M. 

Therefore 

IDIIL = II Alll’s, = IIAiiiil, = E‘'i.4|5«)' = E 

i&x i&x 

completing the proof. □ 

Remark 3.8. When studying Schatten classes for multipliers directly from the dehni- 
tion, the problem of understanding the composition A* A arises. Even in the simplest 
case of a L-Fourier multiplier H, we note the difficulty since A* is a L*-Fourier mul¬ 
tiplier, but not necessarily a L-Fourier multiplier. This observation explains why the 
method of studying Schatten classes via the notion of r-nuclearity on Banach spaces 
is more appropriate in this case. The Corollary 3.7 gives a taste of it. The difference 
between two parts of Corollary 3.7 is that if Lm is not self-adjoint, the operator AA* 
is not an L-Fourier multiplier, and its symbol involves a more complicated symbolic 
calculus, as developed for general operators in [RT15]. 

We now consider an example in the case of L-Fourier multipliers. According to 
Dehnition 2.15, it is clear that L itself is a L-Fourier multiplier. Indeed, if / G 
C£°(M), by (2.13) we obtain 

Lf{x) = ^Lug(x)/(0 = 

5GX JGI 

Hence criiO = 

Now, if —L is a positive operator, i.e. if all eigenvalues satisfy —> 0 for all 
^ G X (thinking of an example L = A the Laplacian), the operator / — L is strictly 
positive and we can dehne (/ — L)~^ for every real s > 0. The operator (J — L)~m is 
a L-Fourier multiplier and = (1 — 

Hence, by Corollary 3.7 (i) and under Assumption (2.2) on the exponent sq, we 
obtain: 

Corollary 3.9. A.ss'iiffic that —L %s pos%t%v€ dfid let 0 1. THcti (^I — fn ^ 

Sr{L\M))fors>f. 
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We now derive some consequences when bounds on the biorthogonal system are 
avalaible. We will assume that there exist constants Ci, C 2 , 1^2 > 0 such that 

^ and < C* 2 (^)^^. (3.13) 

We will also require the following lemma. 


Lemma 3.10. For the biorthogonal system u^,v^ associated to the operator L and 
satisfying (3.13) we have 


\\u^\\l<i{M) < 


2 <g<oo, 
\M\^~Y l<q<2. 


(3.14) 


The analogous inequalities hold for ||ng||i 9 (M) with C 2 and V 2 instead of Ci and i^i, 
respectively, in the above inequalities, namely. 


\\v^\\l<i(m) < 


iC 2 { 0 ''Y^^ F 2 < q < oc, 
\M\^~Y l<q<2. 


(3.15) 


Proof, li q = 00 , the inequality (3.14) is the same as (3.13). If 2 < g < cxo we apply 
the inequality 

ii/iu.<ii/ii^ii/iii. 

Then 

\Mlhm) < \MYoo < ■ 

Finally, for 1 < g < 2, using Holder’s inequality, we get 

uYy)(^~^d^ < \Mf-i. 

This implies (3.14), with the proof of (3.15) being completely analogous. □ 


ikdr 


L<i(M) 


= / \uYyWdy< 


M 



Under the assumption of (3.13) for the biorthogonal system we have: 

Theorem 3.11. Let 0 < r < 1 and let A : Cff{M) be a continuous linear 

operator with L-symbol cr^ such that |cr(a;,.^)| < 7 (^) for all {x,f) and some function 
7 : X —)■ [0, cxo). Then we have the following properties: 

(i) */ 1 < Pi < 2 , 2 <p 2 < 00 , and 

S 6 I 

then A is r-nuclear from Lp^(M) to 

(ii) if 2 < P 2 < 00 and 

« 6 X 

then A is r-nuclear from Lp^{M) to LP'^{M) for all2 < pi < 00 . 
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(iii) 


(iv) 


1 < Pi < 2 and 

« 6 X 

then A is r-nuclear from to L^^{M) for all 1 < P 2 < 2. 

^7(0’' < oo, 

C6X 

then A is r-nuclear from L^^{M) to U’'^{M) for all 2 < pi < oo and all 
1<P2<2. 


Proof. We write g^{x) := u^{x)aA{x,f), h^{y) := V(^{y) for the decomposition of the 
kernel of A as in the proof of Theorem 3.1. We are just going to prove (i), the other 
statements can be argued in a similar way. Let us £x qi such that ^ ^ = 1. 

We note that, by using (3.13) and Lemma 3.10 for p 2 , qi respectively we obtain 

llsdlL.IIAdlU < 

Since = 1 — — = 1 — 2(1 —^) = -^— 1, the r-nuclearity of A then follows from 
Theorem 3.1. □ 


A case where the situation above arises is when we dispose of a bound for the 
symbol a a of the type: 

|aA(x,OI (3.16) 

for some suitable positive constants C, s. 

In the corollary below we consider the case p = pi = p 2 , in which case we have: 


Corollary 3.12. Let 0 < r < 1 and let A : C^^M) C^^M) be a continuous 

linear operator with L-symbol a a such that (3.13) and (3.16) hold. Then we have the 
following properties. 

(i) If 2 < p < oo and s > i^i(^^) + so that 

?GX 

then A is r-nuclear from Lp{M) into L‘p{M). 

(ii) // 1 < p < 2 and s > i' 2 {^ ~ 1 ) + ^7 so that 

< oo, 

«GX 


then A is r-nuclear from Lp{M) to L^{M). 

(iii) If additionally in (i) or (ii) we have x < | then (3.4) holds. 

(iv) If additionally in (i) or (ii) we have ^ = 1 + || ~ ^1? then (3.4) holds. 


Proof, (i) We set q such that ^ ^ = 1. We note that for 7 (^) = C'(^) with C, s as 

in (3.16) and taking into account (2.2) we obtain 


?ex cex 


< oo 
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provided that ^)r — sr < —Sq. The r-nuclearity of A follows now from part (ii) 
of Theorem 3.11. 

The proof of (ii) can be dednced from (iii) of Theorem 3.11 in a similar way. 

The part (iii) follows analogonsly as for (3.4) and (iv) follows analogonsly to the 
corresponding argnment for Corollary 3.2. □ 


4. Applications and examples 

In this section we consider special cases of boundary value problems Lm, for the 
manifold M = [0,1]”. These provide some examples of problems where our method 
is applicable and show how to apply it in similar settings. 


4.1. Non-periodic boundary conditions. We start with the case of L = 
which we now dehne. The operator is a natural extension of the one-dimensional 
operator considered in detail in [RT15, KTT15], and an extension of the setting 
of periodic operators to the non-periodic setting. 


We hrst formulate a characterisation of Hilbert-Schmidt operators in terms of the 
0^"'^-symbols. For the sake of clarity we will write instead of We briefly 

recall the basic facts about Lh. 

We set M = Q for Q = (0,1)” and 

M" := {h = {hi,..., hn) G M” : hj > 0 for every j = 1,, n). 

For h G M", the operator on hi is dehned by 


" 02 

= ^ = 

J=1 J 

together with the boundary conditions (BC): 

hjf{x)\^.=o = f{x%.=i, hj^{x%.=o = ^{x%.=i, j 

and the domain 


= 1 , 


(4.1) 


(4.2) 


D{Lh) = {/ G L^{n) ; A/ G L^{n) : f satishes (4.2)}. 

In order to describe the corresponding biorthogonal system, we hrst note that since 
= 1 for all fo > 0, we can dehne 0° = 1. In particular we write 


h" = • hi- = JJ h"/ 

i=i 

for x G [0,1]"'. Then, the system of eigenfunctions of the operator Lh is 

{n^(x) = exp(i27r^a:),^ G TA} 

and the conjugate system is 


{n^(a;) = h ^ exp{i27r^x), ^ G Z”}, 
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n 


where + ... + ^nXn- Note that u^{x) = H where u^j{xj) = 


exp(z27r^jXj). 


We can now write an operator A on C£^(f2) in terms of its L/i-symbol in the 
following way 



where 'ng(x) = h* exp(i27r^x), v^{y) = exp(z27r,^|/), and where we have renumbered 

^ taking it in lA instead o/Nq. Of course, such a renumbering does not change any 
essential properties of operators and their symbols, but is more in resemblance of the 
toroidal analysis in [RTlOb]. We denote 


^ (mm) ■ = jjlin {1, hj }, : = max{ 1, hj }, 


= mm 


for every j = 1 ,..., n. 

Unless h = 1, the problem and its boundary conditions (BC) are not self- 
adjoint. In particular, it means that in general, we can not consider compositions 
like AA* on the domains of these operators. However, we can note that the spaces 
and U“(f2) are dense in and the usual test function space (7^(12) 

is dense in these test-functions as well. In order to avoid such technicalities at this 
point, in theorem below we can dehne the operator Hilbert-Schmidt norm ||H.||hs 
as (Jq/q |27yi(x, y)where KA(x,y) is the Schwartz integral kernel of the 
operator A. This may be viewed as a natural extension of the well-known property 
for problems without boundary conditions. Otherwise, it is not restrictive to assume 
that H is a bounded compact operator on L^(0) in which case such questions do not 


arise. 


The purpose of the following statement is to express the membership of an operator 
in the Hilbert-Schmidt class in terms of its global symbols, and to emphasise the 
dependence of this norm on the parameter h entering the boundary conditions. 

Theorem 4.1. Let h G M". Let A : —)■ (7^(12) he a continuous linear 

operator with L^-symbol a a- Then A is a Hilbert-Schmidt operator if and only if 


\aA{x,f,)\‘^dx < oo 

C/^'77n 


n 


(4.3) 


Moreover, 



* aA{x, ■)(f) = ^ - y)crA(x, rj) 




where 


(4.4) 
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and = /e In particular, 

n 


Cminih) 




where Cram{h) = f] ^5”“^ and = fl 

i=i i=i 

Proof. First we observe that the kernel Ka{x, y) can be written in the form 
KA{x,y) = u^(x)v^(y)aA(x,f) 

= exp(i27rfx)h~^ exp(—i27r^y)aA(x, f) 

=h^-y Y 

Hence 

Ka{x, x - z) = h'^Y, f) = h'^iPjfaAix, ■){z). 

We also note that 

{Tjnh^'^) * aA{x, ■){^) = Y {J^T^h^'^){p)aA{x, ^ - p) 

r]£ZA 

rieZ^ 


Therefore 




\Ka{x, X — z)fdxdz = / / \h^J^jnCrAix,-){z)fdxdz 




f! fl 



* aA{x, ■)){z)\‘^dxdz 


Q Q 


Y * aA{x, ■){f)\‘^dx. 


Then, the Hilbert-Schmidt norm of A is given by 


2 

HS 


h «ez" 


with * (ta{x, •)(0 = E - p)(Ta{x, y). 

» 7 GZ" 
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On the other hand, since the function h® : [0,1]” —?■ M is continuous, the numbers 

n , n 

Omin = n ) C'max = 11 are well dehned. By (4.5) we obtain 

i=i i=i 


(-i2 



(Tyi(a:, ■){z)fdxdz < 


HS — 


< 



J^jnCTAix, ■){z)fdxdz. 


Q Q 


D ft 


By the usual Plancherel identity on we have 




J^jn:aA{x, ■){z)\ dxdz, 


ft ft 


which concludes the proof. □ 

Remark 4.2. We note that if h = 1 we have = h(.^) where h is the Dirac 

delta on TR. Then 

* (Ta(x, 0 - 

Thus the theorem above recovers the well known characterisation of Hilbert-Schmidt 
operators in terms of the square integrability of the symbol. Again, for h = 1 the 
following results fall in the framework of the nuclearity properties of operators on 
compact Lie groups which have been analysed in [DR14b]. The pseudo-differential 
calculus in this case coincides with the toroidal pseudo-differential calculus of ope¬ 
rators on the tori developed in [RTlOb], see also [RTlOa]. 


We shall now establish some results in relation with the nuclearity. 


Theorem 4.3. Let 0 < r < 1, 1 < pi,p 2 < oo, h G M”, and let A : —)■ 

be a continuous linear operator with Ly,-symbol a a- If 

lk^(->OII2p2(o) < OO) 

then A is r-nuclear from to for all pi with 1 < pi < oo. Moreover, the 
r-nuclear quasi-norm satisfies 

where Ch is a positive constant which only depends on h. 


Proof. From the proof of Theorem 4.1 we use the formula for the kernel KA{x,y) of 
A to get 

KA{x,y) = exp(i27r^a:)/i“^ exp(—'i27r^i/)(T^(a;, 


where a^{x) = h^ exp{i27T^x)aA{x,^) and I3^{y) = h ^ exp{—i27i^y). 
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We put Qi such that-^-= 1 and observe that 

^ pi qi 


P2 


P2 


ll«dlL2 < y \hr^\aA{x,Ordxj < {C'J / \aA{x,Ordx 

where = max{l, /ii, ^2, • • • , h„}. On the other hand 

r 

\mu < (/ \h-Tdx] < {ay, 

where Ch = maxjl, • • • , h~y. 


Therefore 

\aA{x,0\^^dx 

where Ch = C'j^Ch- An application of Theorem 3.1 concludes the proof. The corre¬ 
sponding inequality for the quasi-norm is an immediate consequence of its dehnition 
and the estimation above. □ 



In the particular case of p = 2 we obtain the following corollary for Schatten classes. 

Corollary 4.4. Let 0 < r < 1, h G and let A : Cy^Vt) — )■ Cy^Vt) he a continuous 
linear operator with Lh-symbol a a such that 

lk^(->CIIL < oo- 

jeZ" 

Then A G Sr{Ly and the Schatten quasi-norm satisfies 


Example 4.5. In particular, from Corollary 3.9, with any sq > n, we have 

{I - Lh)-"^ e Sriiyn)), 
provided that sr > n, 0 < r < 1. 

In general for the notion of L-Fourier multipliers we note that, in the case oi L = Lh 
we have: 

Proposition 4.6. Let P{D) = ^ 0^9“ he a partial differential operator with con- 

\a.\<m 

stants coefficients on Q = (0,1)"", then P{D) is a Lh-Fourier multiplier for any 
h G My. 

Proof. We write A = P{D). Since aA^x,^) = uyx)~^P{D)uyx), the L/i-symbol of A 
is given by 


aA{x,r]) = 
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It is not difficult to see that 

E 

\a\<m 

where ba{h,r]) is some polynomial in rj of degree < |a|. 

Therefore, <Ja{0 = S o,aba{h,^) and A = P{D) is a L/i-Fourier multiplier. □ 

\a\<m 

It follows from the dehnition of L-Fourier multipliers that the class of L-Fourier 
multipliers is closed under compositions. Thus, compositing invariant operators from 
Proposition 4.6 with e.g. powers (/ — Lh)~^ we can obtain many examples of L^- 
Fourier multipliers of different orders. 

4.2. Non-local boundary condition. Given the information on the model bound¬ 
ary value problem similar conclusions can be drawn for other operators. We briefly 
give another example of a non-local boundary condition, see [RT15, Example 2.4] 
or [KN12] for more details and proofs of the following spectral properties that we 
now summarise. We now consider M = [0,1] and the operator L = on 

M = = ( 0 , 1 ) with the domain 

D{L) = |/ G VF^'iO, 1] : a/(0) + 6/(1) + ^ f{x)q{x)dx = 0 

where a 7 ^ 0, 6 7 ^ 0, and q G G^[0,1]. We assume that a -|- 6 -|- q(x)dx = 1 so that 
the inverse L~^ exists and is bounded. The operator L has a discrete spectrum and 
its eigenvalues can be enumerated so that 

Aj = -i ln(-^) + 2^71 -h aj, j G Z, 

and for any e > 0 we have XIjgz <00. If rrij denotes the multiplicity of 

the eigenvalue Xj, then rrij = 1 for sufficiently large \j\. The system of extended 
eigenfunctions 

( ^ 

Ujk{x) = : 0 < /c < rUj — 1, j G Z, (4.6) 

of the operator L is a Riesz basis in L^(0,1), and its biorthogonal system is given by 

0 < /c < mj — 1, j G Z, where A(A) = a + be^^ -|- e^^^q{x)dx. It can be shown that 

eigenfunctions satisfy 

( 4 - 7 ) 

jez 

In particular, this implies that modulo hnitely many elements, the system (4.6) is a 
WZ-system. Moreover, it follows that modulo terms for hnitely many j, operators in 
Proposition 4.6 are L-Fourier multipliers. In view of the indexing notation in (4.6) it 
is convenient to adjust accordingly the indexing for the whole analysis. 
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Now, as it was mentioned above it is possible to take jo G M large enough so that 
nij = 1 for \j\ > jo- Denoting by P\j\<jo and P\j\>jo the spectral projections to [0, jo) 
and [jo, oo), respectively, so that Puj^k = Uj,k for all | j| < jo and 0 < k < rrij — 1, and 
Pujfl = Ujfi for all |j| > jo, we have P\j\<jQ + P\j\>jo = I and we can decompose any 
linear (and suitably continuous) operator as A = APy^^j^ + APy^^j^. Now, using the 

decomposition / = Yllo'' Ka k)uj^k, with /(j, k) = (/, Vjk)L^o,i), the operator 

= 'I2f=-jo+i YlT=o ^ /(fo is a hnite sum and hence belongs to all 

Schatten classes and satishes nuclearity properties of any order. On the other hand, 
the operator APy\>j^ has simple eigenfunctions and its analysis is the same as that 
carried out in Section 4.1, so we can omit the details. 
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